General Relativity step by step errata

Oct 29 errors fixed
TOC: 2.2. Light should be capitalized.
Page 2. 8%694 There’s a close quote with no corresponding open quote.
Page 5 chain rule should have u? differentiated should be % and answer should by 2(z3+1)(3z2)

corrected % to %

0.1 December 2, 2023

0.1.1 page 5 - original

df(z"™) __ n—1
Yz nx

0.1.2 page 5 - replacement

0.1.3 page 6 - original

Of(x(A),y(N)) _ 0f(x(X),y(N)) dx(X)
0z () 0z () dA
0.1.4 page 6 - replacement
A (@(N),y(N) _ Of(@(N),y(N) de()
Ox(N) Ox(N) d\

0.1.5 page 9 original

e A row or column of components (could be scalars or scalar functions). Examples are [2]

ool )

e The count of all components in a vector is the dimension of the vector

e There are special vectors called basis vectors, one for each of the dimensions

e The vector is viewed as a linear combination of components and basis vectors

0.1.6 page 9 - replacement

e A row or column of components (could be scalars or scalar functions). Examples are [2]

;’i] or |62,




e The count of all components in a vector is the dimension of the vector
e There are special vectors called basis vectors, one for each of the dimensions

e The vector is viewed as a linear combination of components and basis vectors
0.1.7 page 10 - original
- a oA 2 A
U= [b] [z,]} = ai + by
Where a and b are scalar components that could be integers. For example a = 6,b = 2:
— 6 SN i ~
U=, [Z,j] =061+ 2j

There are many choices for basis vectors, but choosing different basis vectors (say i vs %) change
the components of the same vector. A vector doesn’t change (is invariant) even if you descrlbe it
with two different sets of basis vectors. Thus you must ”adjust” the components. Let 7 = 2i j =

then:
7= o) B =i ] 7] =g

0.1.8 Page 10 - replacement

N[

U=ai+bj

Where a and b are scalar components that could be integers. For example a = 6,b = 2:
0= 6i+2)

There are many choices for basis vectors, but choosing different basis vectors (say ivs %) change
the components of the same vector. A vector doesn’t change (is invariant) even if you descrlbe it
with two different sets of basis vectors. Thus you must ”adjust” the components. Let 7 = 2i j =3

then: ]
T=ai+bj= 5@1 +bj

0.1.9 Page 14 - orginal

a-b=a(bh

Where (b)T is the row vector transposed into a column vector. Example of dot product:

5 2 5
Let @= |3| and b= |1|, then @-b=a(d") = |3 [2 1 2]:
1 2 1
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0.1.10 Page 14 - replacement
a-b=a"(b)

Where (@)7 is the row vector transposed into a column vector. Example of dot product:

5 2 o 2
Let @= |3| and b= |1 ,thena-bzaT():[5 3 1] 1| =
1 2 2

0.2 June 8, 2025

0.2.1 Page ppl87 - original
1. Remember Fﬁy:%g’\a(&,gw + 0uGor — OsGu)

2. T, = %g“’(@tggt + 019ot — Oygu) - only o = t is worth calculating because the metric is a
diagonal matrix - all components beside the diagonal ones are zero.

3. T, = 29" (0ig + Orgut — Orgu) = 0 - because gy = —A(m,r) does not depend on t. Thus
the partial derivative is zero.

4. Ty, = 39"(0rgu + Oigr — Oigir) = %m&«(—fl(m, r))
5. Tt =T} = 3=xmn Or(—A(m, 1))
6. Tt =59""(0i9rt + O1Gre — Orgu)= W( O (—A(m,1)))

7. 17 =397 (0rGrr + 0rGrr — 0r9rr)= sy (—0r B(m, 7))

8. Fg& : (8999r + 8999r — Org00)= % B(m ( QT) B(;:,r)

v

d —rsin?
9. I'g, :%g”(awgw + 0p9rp — 01 9pp)= % oy (—2rsin®) = B(m,r)e

10. T%, =39" (0,900 + 0p96p — 9gp) = 575 (—r?2sin 6 cos )= —sin @ cos
11. TY5 =59 (Dogor + Orgoo — Dogro)= 57221 = ;

12. T¥, :%gw(acpgw + 0rGop — Opry) = ém% sin 8_

13. Ty, =39%%(0p900 + O9Gpp — Dp90p) = 3 a2 sin 6 cos = cot @

The other values of the connection are either zeros or repeats. Thus, we have this table or legend
or key for what follows (we’ve simplified A = A(m,r) and B = B(m,r)):

t _ 1t — 9A I OrA r _ _ OB r __ =T
Ftr — Frt — 24 Ftt 2B Frr — OB FOQ — B

r __ —rsin“f Y19 0 _ _ & 0 _ 170 _Te _Tw _1
I,=—"5— |, =T7y=cotld | I =—sinfcosd | I, =Ty =TF =T¢ =~
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Rs, = 8MFEV - 8VFE L HE g, T80, T here are 16 combinations (two indices and 4 dimensions
= 4x4) to resolve, plus many embedded (Einstein) summations. Rather than crank through them
all, we will examine Ry, R,.., Rgg.

1. Rtt - QJ‘Z - atru

tu

+ 15,07 =TT,

0,y = 0Tt 40,1, 40,19, 40,I'f, first term

0Ll = OX!, 40, (Z5) +0pX9+0,Yf, substitution applied

a

(
(b

(d) O,I'f, = OX§+0, " +0X%+0, f., substitution applied

(e Fgufg’t = T4, +1 F§t+Ff9F§t+Ff I,

)
)
(c) O, = 0T+, +0,T+0,I'7, second term
)
) ¢

+F§tF;0;+F£J%+FZJ%+F&F%

+F9trtt+rgrrtt+F99Ftt+rg¢rtt
SR R N S R B B

(f) Fgufft - Ittt it—{_ tr it+Fz9F§t+ fcp it

+ ) @)+ (5 G+ () G+ (B @)

+F§t ft‘f‘Fgr ?t+F29F?t+ (cot 0) ft

Y Y EAX T Y EAY V54X YT, substitution applied

(2) thth = Fitrit+P¥trir+rgtrge+rftri<p

+F§tfgt+F:thr+thfga+rftrg¢
+F9trtt+rgtrt +F9trt0+rgtrt<p

T

+TL,TH+T, T +thrfg+rﬁtrg‘;

L 1o OrA orA
(h) nytrtu - it §t+ ( 2B ) ( 2A ) + ft §0+F§Fi<p
+(5) (58) +Y X +Y Yy +Yory,
Yo LAY G X AX QY (X G X,
Y A YL AY Y +Y 2 X, substitution applied

Rtt — a OrA + [(%A orA _ OrB O A + OrAl + OrA 1] o [BTA(&A) _ (6TA)( 27»B )]

) T 2B 24 2B 2B 2B 2B r 2B r 2B \ 24 24
_ n 8A _ 8,BOA A1 | 8,.ADA
(k) Rtt*&“w 2B 2B+22Br+2B 2A
_ 19 0. A0.B | 0.BOA | OA | (0rA)?
(1) Ry = ﬁarA_ iBr T i T B T iaB
(m)

Ry = 2ABrd, A — Ard,Ad.B + ABro,Ad,B + 4BAJ, A + Br(0,A)? (2)
2. R = 0,I" —0,I'" +T¥ 9 —TrT7

T opuT T orT ru

(a) aﬂrﬁr = atrf‘r—{—aTF:r—{—aerfr_‘_awrfr
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(b) 9,1 Ot +0, (—ZB) +0,¥? +0,¥¢, substitution applied
0,14, = o,I't 40,7, +0,I'%+0,I'%,

g

)

()

(d) 0,1, =0, (5%
)

C

4) +0, (=Z8) +0, (2) 40, (2) substitution applied
(e Fgurgr =TT +F{TF§T+F9 It +T7 T,
e A +F;TP:T+F99F7“ +I7,17,
+Ft P9 AT, T AT AT T,
+IL, T8 +17, T8 +1%, ¢ +1% ¢,

(f> Fg,urgr FitFir—'— Ff"r_’_F Ff”r—’— Lpr“r
HESRES 51+ [C SRES- S ISNEs- i+ [ENES -1
AV X, X7, X Ge¥ 7, + (cot 0) X7,
YL Y AY XA, 0 XE+Y 2, Y%, substitution applied

(g) T 17 =Tt T+ Tt +Ffr1“fn9+l““’ It

orT T tr- rr tr- ro
+I't FQ+F;TF;T+F9 I +08 T,
+Ft F9t+FETF£T+F9 F09+Fgrrfga
r 0
+Ft MEAES N BAS B AR A R
(h) T5,17, = (52) (50) HYLYL, XYt oYy,

LY A (=58 (—=%5) +X0. X5 +YE Xy,

XG0T 5, X0+ (5) (3) HEXT,

+r for LY ;rF ¢ +X ?MF ot (%) (%) substitution applied
(i)

(%)(—%—§)+(%>( 82’]5 [( 2/34)( )+( 82’”B)< 82’”5)+ D] =
(k) R, = _82/;4 + 8,04/1&48]; - % - (8&42) =
(1) .,
R, = —2ArB0. A — rB(0,A)* + rA0, A0, B — 4A*0,.B (4)

3. Ry = 0,y — agrgu + 18,15 — F*;@Fgu
(a) 0,1y = 0 Thy+0,Thy+0eLG,+0,T5,
(b) 0.1 = 0Xbe+0, (F) +0e¥y+0,¥5, substitution applied
(c) 0oy, = 99T, +09T s, +0pT Gy 40Ty,
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(d) 0oT)), = DXy +0pX ', +00¥ gy+0p (cot ) substitution applied

(e) T I'gy = T5Tge+ L} Lo+ L0 Chy+ BN

Sa PR R R R P R

©
+T5, L0+, Log+ T 66+ 5 Ty

+T0, e+ F;rF§9+FZ9F§9+F§¢F§9
(f) Tu TG = XX oo XYoo+ ¥ b b
u S GIgEss) Gigl EgE (&)
X5, X o0+ 5, X 99+ ¥ 5o¥ 5o+ (cot 0) X,
XL X Gy X gy A XX 5y X8 X,y substitution applied
(g) T0,I%, = FieFZﬁrFIaFér+F?9F29+F2’5F2¢
+FieFSt+FieFZT+F39F59+Fferzw
+5 L+ LT 6+ Tl 59+ LT 5,
SR IFI MRS N B N B PR R A
() 7,05, = Yol bt ¥ 1o¥ 5, +¥ 1 o +X ¥,
X X T o+ (%) (F) +F b
HY5X 5+ (F) () HX 50X 50+¥ 56X 5,
Y Y o AY Y 5 A Y )+ (cot ) (cot @) substitution applied

Rog = 0, () —
Oy (cot ) + 5
&) G R SR G

() (F) + (F) () + (cot) (cot)]

=

() Bap = 0,5 — dycotd + [(51)(F) + (~50)(F) + (DF) + DE)] - () +
(3)(3) + (cot ) (cot )]

i. O.coth = ——

sin26
;s __cos?@ __ 1-sin? _ 1
fi. cotfcotf = sinf ~—  sin?0 T~ sin’@ 1

iii. 0,4 =% +r50,B

W 1 0.A 0,B
— r0, r0,
R90:§+1+2AB—2B2

4. Since Ry = R, = Rg9 = 0 we can solve this system of equations by adding the first eq 8
and eq 10 and dividing by 4A. We are left with B, A+ Ad,B =0

— 92AB +2AB? — rd,AB +rAd.B (6)

5. BO, A+ A0,.B = 0,(AB) = 0 which implies AB = K where K = const.
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0.2.2 Page ppl87 - replacement

1.

2.

10.

11.

12.

13.

Remember I}, =367 (9,9ou + Ougor — OoGur)

It = %gt"(atggt + 019st — O,gyt) - only o = t is worth calculating because the metric is a
diagonal matrix - all components beside the diagonal ones are zero.

LT = %gtt((()tgtt + 019t — Orgr) = 0 - because g = —A(m,r) does not depend on ¢t. Thus

the partial derivative is zero.
Il = 59" (0rgu + Orger — Orger) = %m&(—fl(m,r))

Fit = Fir - 8,,(—A(m,7“))

A(m )
T =39 (0grt + Oigre — Orgu)= W( 0-(—A(m,1)))

It :%gw(argrr + 0rGrr — Orgrr)= %

(6 B(m,r))

—r

1—”0"0 :— (agggr + 5eger 87“999)_ % B(m )( QT) B(m,r)

: —7sin?
Iop :%grr(asogw + Opgrp — Orgpp)= %B(r}@m) (=2r sm2)0 = #,r)e

L0, =59 (0900 + 090 — Dogpy) = 375 (—1°2sin 6 cos )= —sin 6 cos 0

P?"G —1 (3eger + &g@@ 8991"0) %%27. —_ %

ngo :%gwp(a@ggor + ar%w - apgw) - ;Tg sin 27” sm 9_

I, =39%%(0p900 + O9Gp — Dp98p) = §5azg’ 2 sin 6 cos = cot @

The other values of the connection are either zeros or repeats. Thus, we have this table or legend
or key for what follows (we've simplified A = A(m,r) and B = B(m,r)):

t _ 17t _ OrA r 7BTA r __ OB ro__ fr
Iy, =1 = 2251 Iy 2B = 2B F99

r __ —rsin 30 ® 0 _ 6 __ _cp_go_l
I,=—"5— |Tp,=T7y=cotfd | I, =—sinfcosd rY, =19, Iy, =17, =

Rp, = 0,1, — 0,1, + 14 TG, —T'% '3, There are 16 combinations (two indices and 4 dimensions
= 4x4) to resolve, plus many embedded (Einstein) summations. Rather than crank through them
all, we will examine Ry, R,.,., Rgg.

1.

Ry =0, — 0,1 A A Fﬁth
(a) 0,10 = 0T, +0,I5,4+0pT%,+0,0], first term
(b) 9.T% = X4 +0, (55
(c) oI}, =

tnw

4 +0,Y%+0,Y7, substitution applied
oL+, +0, T, +0,I'f, second term
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(d) O, = Ot 40X}, +0X)+0 X7, substitution applied
(e) Fgurgt = FitFit_'—F:rrit+Ff0rit+rf<pF§t

+0, L+, T A+ T T+ T T

AT G+, T AT G G+, T

+0 DA+, D+ TH4T8 T,
(f) Fgufft = it €t+ tr it—i_ ?OFit_‘_ fcp it

+ (&) @)+ (8) (&) + () (&) + () (3)

+¥g; ft+Fgr ft+FgeF?t+ (cot 0) ft

YA Y GAY Y 54X XY, substitution applied
(2) thrgu = Fitrit_FF:tFir+F?tF§9+FftF€<p

HI LA+ T+ T T+ DL

T

+04, 00+ 500 +15, 0 +T5, 17

r

+TL, TEA+T +thrfa+rgtrfw

o orA oA
(h) thrtu = it §t+ ( 2B ) ( 24 ) +FftF§9+F£F§¢
+(520) (52) +YT Y AX i+ Yo Xy,
Y X A G X LAY G X g H Y 5 XY,
VLAY YL AY Y +Y oY, substitution applied

() Ru =05+ 1458 + SR04 + 51+ 441] — (3(50) - (332
(9 R =054+ 5P%A + 2341 + L4
() Bu = %G:A%— %3_2(_1)(&“3) + % + % + % - apply product rule on &azréq.
m)

Ry = 2ABro, A — Ar0, A0, B + 4BAO, A + Br(0,A)’ ®)

2. R,, =8, — 9, + T o —Twpe

T au— rr or—- T
9.t = Ot +0,I, +0pT% +0,T¢,
O, TH Ot +0, (ZB) +0p¥° +0,X%, substitution applied

a)

) 55
) 0,1 = ,Tt

)

)

(
(b
(

(c
d

(e

T rt+87"r:r+a7“r29+a7“rfgo

0,11, =0, (%) +0, (22) +0, (1) +0, (1) substitution applied

F'gurgf = Fitrf‘r+F:TF$’T+F?9F$’T+F£DF$‘T
+Ff’trzr+r:rr;r+F$0F:T+Ff¢r:r
SR S VR RS VA RS R S
+IL, 06417, 05+, T8 1% T,

r=rr wp= T
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() 5,17, = XY, +Y LY+ XY, + YT,
+(50) 38 + (%) G+ G G+ 6 (35)
VG X, X7, X Ge¥ 7, + (cot 0) X7,
LAY Y AX Y AXE Y, substitution applied
(g) I}, 17, =T}y 4+ I 4T, g+ TE L

orT TR T tr— rr tr- ro

+Ff‘rr7‘t+rr FT +F70"TFT6+F;€TF:¢

T rr-rr A

+18, 00,4+ T9 +1¢ 19 4+T% 1Y

ort r ort rrTLopd p ort re
+0L, DHA4T, T8 +T0 T2 418, T7,

(h) 7417, = (%3) (50) YL YL AX Y+ XX,
VLY A (55) (55) +Y0 X0t XEXT,
Y XA X0 A (5) (3) HXE XY,

+YL YEAYT Y AY Yi+ (%) (+) substitution applied

Rrr = 81" 827"3 )_

0.8 +9.27) + o)) + a1+

(&) 38) + T2 @) @) + @) @) -
o)

() @) + T+ [

/! 2 .
(k) R, = —%+ - 83 (—1)0,A—2(5)(—1) + &A%E _ &8 _ (8&? +2(=) = - using product

rule and power rule for differentials involved.

(1)
R, = —2ArB0, A — rB(9,A)? + rA9,Ad,B + 4A%), B (10)

3. Ry = 0,I'y, — %FQ‘N + T g — TheT5,
a) 0, = 0Ty +0,15,+0pT 5, +0, 1,
b
(c

(d) 0oT, = Dok, +0p 5, +0p¥ 55+0p (cot §) substitution applied

(
(b) 0.1 = 0Xhe+0, (F) +0e¥y+0,¥5, substitution applied
aerg,u = aartet—i_aQFgr‘i_aaFg@‘*’agrg@

)
)
)
)
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(e) T, Tgy = T4l Log+ T+, g
+F BIVPER K RS N IR b
+F§trge+r Lo+ 66T 0016 er
+I F§9+F’“ Lo+ Toy T8, Ty
() Th, Ty = Xl o+, Yoo +X1, 9Ft9+
+(51) (%)Jr(—%) () + () (%)+(%) ()
+¥ X 59 +¥ 5. Yoo+ ¥ 50X o+ (cot 0) Xg
SR AN TR0 S SFED S IR SN substltutlon applied
(8) T0plg, = Tilh T b+ T o+ T5 G,
Sa 71 IR P B R R A
D0, + T, + T8, T84T, F9
SR ) RS N AR B B PR F“’
(h) T5T5, = Vigk ¥ ¥ o+ 16¥ o +Y iy
L XY+ (7)) (F) +F7 GFGLp
oo+ (F) () +X 0T o0+ 55X 6,
A Y oA L Y 5 X g+ (cot §) (cot ) substitution applied

Rog = 0, () —
Oy (cot 0) +

11
[(% )(%)Jr(—a;zf) (F) + Q) F)]- .

(i) Roo = 0,5 — dpcotf + [(52)(F) + (=%2)(F) + (D(F) + D(F)] — [(D(F) +
(F)(G) + (cot9)(cot9)]

i. O0,.cotl = Sm29
cos2 0 _ 1-sin?9 _ 1
ii. cotfcotd = sin? 9 T sin?6  sin?@ 1

iii. argz_—l%—r 10.B

W -1 0. A 0,B
r0, r0,
Ree—B—i-l—i-zAB—QBg

4. Since Ry = R, = Rgy = 0 we can solve this system of equations by adding the first eq 8
and eq 10 and dividing by 4A. We are left with B0, A + A0,.B = 0 (see below, rearranged
slightly)

(a)

= —2AB +2AB* — rBO, A+ rAd,B (12)

Ry = 2ABrd. A — Ard,Ad,B + Br(d,A)? + 4BAJ,A =0
R,. = —2ArBd, A + rAd,Ad, B — rB(d,A)? + 4A%9,B = 0

(b) 4BA8, A + 4A%0,B = 0

10
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(c) Bo,A+ A0,B =0
5. BO,A+ A0,.B = 0,(AB) = 0 which implies AB = K where K = const.

11



	December 2, 2023
	page 5 - original
	page 5 - replacement
	page 6 - original
	page 6 - replacement
	page 9 original
	page 9 - replacement
	page 10 - original
	Page 10 - replacement
	Page 14 - orginal
	Page 14 - replacement

	June 8, 2025
	Page pp187 - original
	Page pp187 - replacement


